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A B S T R A C T

Surface plasmon polaritons can be efficiently excited using attenuated total internal reflection techniques or with
diffraction gratings. An alternative way actively studied in recent years is the use of nanoantennas. Here, we
show that the amplitude of surface plasmon polariton excited by a nanoantenna can be found analytically using
a well-known method for calculation of guided-mode amplitudes in the presence of current sources, which is
widely used in the waveguide theory. The calculations are carried out for the simplest 2D case of an infinitely
long cylindrical rod of a small radius illuminated by a plane wave and placed in the vicinity of metal substrate
parallel to its interface. The validity of the analytical solution is confirmed by the results of numerical simula-
tions.

1. Introduction

Surface plasmon polaritons (SPPs) are surface electromagnetic waves
arising from the coupling of photons with electron plasma oscillations
at the interface between a dielectric and a metal or highly doped semi-
conductor. They were first observed experimentally by R. Wood in 1901
[1] as anomalies in the reflectance spectra of metal gratings. The correct
interpretation of the anomalies as the excitation of surface waves was
given by U. Fano in 1941 [2]. However, he didn’t gain deeper insight
into the nature of these waves. More detailed analysis in terms of sur-
face plasma oscillations was introduced by R. Ritchie in [3].

The electromagnetic field of SPP decays exponentially away from the
interface and becomes extremely localized at the resonant frequency.
This makes the use of SPP a very promising strategy towards minia-
turization of optical integrated circuits. In particular, plasmonic wave-
guides are capable of squeezing light at telecommunication frequencies
down to the nanoscale [4,5]. Plasmonic waveguides are used, for ex-
ample, for subwavelength imaging [6] and in commercially available
quantum cascade lasers [7,8]. Tight spatial localization of light in plas-
monic structures is accompanied by a giant amplification of the incident
field, which opens up exciting opportunities for biosensing [9–11], non-
linear optics [12–14], Raman spectroscopy [15,16], and enhancement
of light-mater interaction [17,18]. Plasmon excitations are well-stud-
ied in both extended and localized structures. To learn more

about SPPs we refer the reader to the following monographs and re-
views: [19–24].

Being a surface wave, SPP cannot be excited from free space by
a plane wave because of the in-plane momentum mismatch. Usually,
to provide matching between in-plane momenta of SPP and incident
light, grating couplers [25], high-refractive-index prisms (Otto or
Kretschmann configurations) [26,27] or other defects (grooves, holes,
notches, etc) breaking the in-plane translation symmetry are used
[28–30]. An alternative method to excite SPPs is to use dielectric or
plasmonic nanoantennas [31–34]. Due to their resonant properties, the
excitation of SPPs can be very efficient [35–37]. Moreover, the interfer-
ence between different multipole moments of the nanoantenna provides
efficient dynamical control over the directivity of SPP [38] so that it can
be used for SPP demultiplexing on a chip [39].

The scattering problem of a small nanoparticle on a metal substrate
illuminated by a plane wave can be solved analytically in a dipole ap-
proximation using the dyadic Green’s function formalism [40,41]. The
amplitude of the SPP wave can be extracted by calculating the residue at
the pole of the Fresnel reflection coefficient. This method gives a good
agreement with the full-wave numerical simulations but it is rather cum-
bersome and requires the evaluation of the Sommerfeld integrals.

In this work, we present a simple alternative way to calculate the
contribution of SPPs to the total field scattered by a plasmonic nanoan-
tenna on a metal substrate. Our method uses the reciprocity theorem
and mode orthogonality and is similar to that used in the waveguide
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theory for calculating the amplitude of the modes excited by a current
distribution. To demonstrate the efficiency of the proposed method most
clearly we consider a two-dimensional problem, where the SPP mode
is excited by an infinitely long cylindrical antenna with a small radius.
Firstly, we shall obtain the solution for the case when the antenna has
an explicitly defined transverse harmonically oscillating dipole moment.
As a second step, we consider the case of illuminating the antenna by
a normally incident plane wave polarized perpendicular to its axis. We
then validate our analytical approach by numerical simulations in COM-
SOL Multiphysics software.

2. SPP excitation by a dipole source with an explicitly defined
dipole moment

Let us put a source of radiation in the form of a very thin rod at
height x0 above the surface of the metal film with (Fig. 1).
The medium above the film is assumed to be a dielectric with
. We consider the film to be sufficiently thick (much thicker than the
skin depth, which is about 15 nm for the noble metals in the visible and
near-infrared regions) so that the surface plasmon polaritons are excited
only at the upper surface of the film. The rod is assumed to be infinitely
long in the y-axis direction (i.e. perpendicularly to the plane of the fig-
ure), and its dipole moment per unit length is defined explicitly as p0/l,
where the dipole moment vector p0 is parallel to the z-axis and implic-
itly includes a time dependence of the form . If the diameter of the
rod is assumed to be infinitesimal, the current density in the rod can
be written as . To calculate the amplitude of the
SPP mode excited by such a source at the surface of the film we use the
following expression derived from the unconjugated reciprocity theorem
[42]:

(1)

In this expression and are the propagation
constant and mode normalization, respectively; nz is the unit vector in
the direction of the z-axis; e, h are the vector electric and magnetic
field distributions of a mode in the cross section (S) of the waveguide;
V is the volume occupied by the current source. Generally speaking, ex-
pression (1) links amplitude a of a dielectric waveguide mode with ex-
citation current density J. But in its derivation no restrictions are im

posed on the conductivity of the waveguide medium [42], which makes
it possible to generalize it to the case of plasmonic waveguides.

The components of the e and h vectors and other parameters of the
SPP mode required for the calculation of its amplitude are given as fol-
lows [43]:

where A is an arbitrary constant with the dimensions of A/m. In our
case, with the "point" current oscillating in the z direction, the integra-
tion of expression (1) yields: .

It is convenient to recast the electric ( and magnetic
( ) fields the excited SPP mode in the form

and , where subscript i takes
on values x, y, z and coefficients and represent the ampli-
tudes of the electric and magnetic fields of the SPP wave.

For example, the non-zero z- and x-components the electric field am-
plitude can be written, using the above expression for parameter a, as

(2)

Throughout subsequent calculations we will assume for simplicity
that the medium above the metal film is vacuum i.e. = 1. We plot
as solid curves in Fig. 2 the dependences of the component on the
excitation wavelength for the case of gold film, C and dif-
ferent values of x0.

The numerical study of SPP excitation by the source under consid-
eration was carried out with the Finite Element in Frequency Domain

Fig. 1. Excitation of SPP on a metal film: (a) By a “point-like” 2D dipole. The magnitude of the dipole moment per unit length is explicitly defined and is independent of external factors.
(b) By a cylindrical nanoantenna. The cylindrical rod is affected by the total field of the incident and reflected waves as well as the field due to the image charges in the substrate, which
give rise to the surface dressing effect.
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Fig. 2. Comparison of numerically (points) and analytically (solid curves) calculated amplitudes of the longitudinal component of the SPP field at z = 8 µm (a) and z = 0 µm (b) for
various heights (x0) of the source and .

(FEFD) method using COMSOL Multiphysics software. We applied the
“perfectly matched layer” (PML) condition to the exterior boundary of
the computational domain, and used mesh refinement in the region be-
tween the source and surface of the film, as well as large enough com-
putational domain to ensure convergence of the numerical solution. The
complex permittivity data for gold were taken from the CRC handbook
[45]. The wavelength range for the simulation was chosen in the visible
and near infrared regions from 400 to 700 nm.

The numerically obtained distribution of the electromagnetic field is
a superposition of the near field of the dipole source, its radiation field,
and the excited SPP mode. It is reasonable to assume that in the cho-
sen spectral range the contributions of the first two components will
fall off quickly with distance from the source. At the same time, in the
long-wavelength part of the spectrum where the SPP mode has a rela-
tively low attenuation coefficient [43], it can be expected to retain a
sizable amplitude even at a considerable distance from the source. In-
deed, the numerical results show that a complex dependence of the am-
plitude of the total electric field on the z-coordinate (at x = 0) acquires
a purely exponential character for z>8 um and λ>550 nm with the at-
tenuation rate given by the imaginary part of the SPP propagation con-
stant calculated analytically in accordance with [43]. This proves that
under the above conditions, the SPP mode dominates in the total field
on the metal film surface, which makes it possible to estimate its initial
amplitude by extrapolation to the point with coordinates z = 0, x = 0
using the known exponential law of SPP propagation [43].

The numerically calculated spectral dependences of the amplitude of
the z-component of SPP electric field for various values of x0 are shown
with points in Fig. 2. The results in Fig. 2(a) correspond to the SPP
amplitude at a point with coordinates z = 8 μm, x = 0, while those in
Fig. 2(b) are for the extrapolated initial SPP amplitude at z = 0, x = 0.
As seen from the figures, both directly obtained numerical results and
those extrapolated to the origin are in good agreement with the analyt-
ical results. This confirms the validity of our analytical approach to the
calculation of the SPP mode amplitude.

3. SPP excitation by a 2D cylindrical nanoantenna

Let us now consider the case of SPP excitation by a cylindrical
nanoantenna in the form of a thin and very long metal rod of circular
cross-section ( , , where and are the radius and
length of the rod, respectively, and λ is the wavelength of illumination)
placed at height x0 above the surface of the film of the same metal, so
that there is gap d between the film and the rod (Fig. 1).

The rod is illuminated by a plane electromagnetic wave incident nor-
mally on the metal film from above. In the absence of the rod, the

electromagnetic field above the film surface ( ) is composed of
the incident and reflected waves, so that the total electric field can
be written as , where

is the Fresnel reflection coefficient
of the film surface, is the permittivity of the film material. In-
side the metal film, the electric field is given by ,
where is the Fresnel transmission coefficient
of the dielectric-metal boundary (the factor e−iωt in the above expres-
sions is implied, but not written explicitly). The nanoantenna modifies
the distribution of the electromagnetic field due to its induced polar-
ization. If it were not for the surface dressing effect, then within the
electrostatic approximation valid for a rod of small radius, under the
influence of the primary (E0(x)) field, the rod would acquire a dipole
moment (DM) given by ,
where is the volume of the rod. To explain the surface
dressing effect [40] we represent the polarization charges separated in
the rod as point charges (more precisely, in 2D geometry, these corre-
spond to infinitely long and thin charged threads). Both of these charges
are imaged in the metal film, and the image charges generate an in-
homogeneous electric field (Fig. 1(b)) causing the nanoantenna to ac-
quire both additional dipole and multipole moments of higher orders.
The amount of the additional DM will be equal to , where

With the dipole moment , one can associate

additional polarization charges in the rod, which will again be imaged
in the film and induce a new additional contribution to the DM of the
nanoantenna, and so on to infinity. By summing up the corresponding
geometric progression, the resulting dipole moment of the rod is found
to be

(3)

where is the dipole moment amplification factor due the im-
age charges in the film.

It should be noted that the accuracy of expression (3) will be lower
for small gaps , since in this case the image multipoles of higher
orders will affect the magnitude of the dipole moment of the rod, which
we will, however, neglect for simplicity. Simplifying the problem fur-
ther, we replace the rod with a 2D point dipole with dipole moment
magnitude specified by expression (3). Then the amplitude of the SPP
mode can be obtained simply by replacing p0 with in expression
(2). In particular, for the z-component of the SPP amplitude at the sur
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face of the film, we have

(4)

The amplitude of component calculated as a function of the gap
between the film and rod, of the nanoantenna radius, and of the wave-
length is shown, correspondingly, in Figs. 3–5. The solid curves in these
figures represent the analytical calculations in accordance with expres-
sion (4), and the numerical results are shown with the dots. We assume
again for simplicity.

One can see from Fig. 3 that all analytical dependences
show a sharp decrease in SPP amplitude at the beginning of the curves,
while those calculated numerically for λ = 550 nm and λ = 600 nm
first rise steeply (when the gap is below ~3 nm and ~ 1.5 nm, respec

tively, as illustrated by the insets in Fig. 3) and only then decrease.
This difference is due to neglecting higher-order multipole moments in
the analytical calculations. The effect of multipoles is, however, very
"short-range" and plays a significant role only at the smallest gaps. For
larger values of d, as can be seen from Fig. 3, the analytical and numer-
ical results are in close agreement. We also note that for λ = 650 nm
(curve 3) no disagreement between the analytical and numerical results
is observed near d = 0, which can be explained as follows. The effi-
ciency of excitation of higher-order local plasmon modes (quadrupole,
octupole, etc.) in cylindrical nanoantennas usually decreases sharply
with increasing the wavelength-to-radius ratio [46]. The effect of mul-
tipole moments is, therefore, evident only for the “short-wavelength”
dependences 1 and 2 and not for the more “long-wavelength” depen-
dence 3. A further sharp decrease in the SPP mode amplitude with
increasing gap d for all three calculated dependences is explained by
the rapidly weakening effect of the image charges on the

Fig. 3. Calculated dependences of the amplitude of the longitudinal component of the SPP electric field normalized to the amplitude of the primary wave at the film-vacuum interface
E0(0) on the gap between the nanoantenna and the film. The analytical (solid curves) and numerical (dots) results are shown for nm, , and λ = 550 nm (1), λ = 600 nm
(2), λ = 650 nm (3). To emphasize the difference between analytical and numerical results near d = 0, the corresponding sections of dependences 1 and 2 are shown in the insets on an
enlarged scale with the numerical results interpolated with dashed lines.

Fig. 4. The calculated dependences of the amplitude of the longitudinal component of the SPP electric field normalized to the amplitude of the primary wave at the film-vacuum interface
on the radius of the cylindrical nanoantenna. The solid curves represent analytically calculated results for d = 10 nm, and , and λ = 550 nm (1), λ = 600 nm (2), λ = 650 nm

(3). The corresponding numerical results are shown with dots.
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Fig. 5. The calculated dependences of the amplitude of the longitudinal component of the SPP electric field normalized to the amplitude of the primary wave at the film-vacuum interface
E0(0) on the wavelength of the incident wave for d = 10 nm, , and nm. The analytical and numerical results are shown with a solid curve and dots, respectively.

dipole moment of the nanoantenna, until the latter, upon reaching
a certain threshold, is approximately equal to the dipole moment of
an isolated thin rod in vacuum (in expression (3), the gain factor

decreases rapidly with d and approaches unity at d ~ 8 nm (for
λ = 650 nm), 10 nm (for λ = 600 nm) and 14 nm (for λ = 650 nm)).
The decrease in the SPP amplitude then slows down significantly (curve
1 in Fig. 3) or can even change into a slight increase (curves 2, 3). Af-
terwards, the dependences acquire a damped quasiperiodic character.
This behavior is explained by the fact that, on the one hand, the nanoan-
tenna finds itself, with varying d, either in a maximum or minimum of
the interference pattern produced by the incident and reflected waves
(periodicity), and on the other hand, the effect of the nanoantenna on
the electron plasma of the near-surface layer of the film decreases with
increasing its height above the film according to the law (damp-
ing).

The calculated dependences of the SPP amplitude on the radius of
the nanoantenna are presented in Fig. 4 for a fixed gap d = 10 nm and
three different excitation wavelengths. Such a value of the gap was cho-
sen to avoid the effect of higher-order multipoles on the results of nu-
merical calculations. It can be seen from the presented results that a qua-
dratic growth of the SPP amplitude with rCyl, which follows from Eq. 4,
agrees closely with the numerical calculations, so far as the radius of the
rod is below ~ 45 nm at λ = 550 nm, ~ 55 nm at λ = 600 nm (2), and
~ 70 nm at λ = 650 nm. A significant discrepancy observed for larger
radii is undoubtedly due to the limited applicability of the quasi-static
approximation, which is guaranteed to be valid for <<1 and
becomes increasingly inaccurate with the growth of this parameter [46].

The dependence of the SPP mode amplitude on the excitation wave-
length (Fig. 5) was also calculated at d = 10 nm to minimize the effect
of multipoles. As far as the numerical simulation is concerned, the low-
est wavelength is chosen to be λ = 550 nm since at shorter wavelengths
it is impossible to single out the surface plasmon wave against the back-
ground of the near and scattered field of the nanoantenna due to the
huge propagation losses of SPP, which is what we do at longer wave-
lengths, as mentioned above. For analytical calculations, on the other
hand, we took a smaller value of 490 nm so that the real part of gold
permittivity is less than -1 in the entire calculation range. The latter is,
in fact, the condition for the existence of the SPP mode at the gold – vac-
uum interface [44]. The upper limit of the calculation range was chosen
so as to keep it in the visible part of the spectrum.

Another reason that we have chosen the lower boundary of the
wavelength range for the analytical calculation some 60 nm to the left

of that of the numerical simulation is to demonstrate a resonant peak
in the analytic curve, which should be expected as a result of the di-
pole resonance of the nanoantenna. As seen from the figure, the peak is
indeed observed near the wavelength of the dipole resonance of a thin
gold rod in vacuum (marked with a dashed vertical line in Fig. 5). The
slight spectral shift is most likely due to the effect of the substrate and
has little to do with field delay phenomena, since the latter, as follows
from the data presented in Fig. 4, are insignificant for a rod of such
a small radius. It can also be seen from Fig. 5 that, within the spec-
tral region where the numerical simulation was performed, there is good
agreement between the numerical and analytical results, which confirms
the validity of our analytical approach.

In conclusion, we have shown that the amplitude of SPP excited
on a plane metal-dielectric interface by a nanoantenna can be analyti-
cally calculated using the method for calculation of guided-mode ampli-
tudes in the presence of current sources widely used in the waveguide
theory. The method gives good correspondence with the results of the
full-wave numerical simulation as long as the nanoantenna can be de-
scribed in the framework of the dipole approximation. For the visible
range (500−650 nm), the developed method is applicable for the case of
gold nanoantennas with the characteristic size up to 100 nm. It is worth
mentioning that we considered two-dimensional geometry correspond-
ing to the case of infinitely long nanoantennas (nanowires). Neverthe-
less, the proposed approach is also applicable to the 3D case, when the
SPP is excited by a finite dipole particle, which will be the topic of our
follow-up publication. We believe that the presented approach can be
useful for modeling various phenomena associated with SPP excitation
in plasmonics, micro- and nano-optics.
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