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1. INTRODUCTION 

Phase transitions in irregular spin systems are fre�
quently studied using the Ising model for a dilute mag�
net. This model is characterized by the Hamiltonian 

(1)

where σl are ordinary Ising variables, defining the ori�
entation of the atomic magnetic moment and assum�
ing the values +1 and –1; J is the exchange integral;
and H is proportional to the external magnetic field.
The random variable ξl may be 0 and 1, and its mean

 = ps determines the probability of occupying the
lth site by Ising spin; the summation in the first sum is
performed over all ordered pairs of neighboring sites,
and, in the second sum, over all lattice sites. We
assume that magnetic and nonmagnetic atoms are
arranged over lattice sites randomly without correla�
tion and are not displaced under the action of thermal
vibrations (frozen�in impurities). In addition, we will
consider the model of frozen bonds, which assumes
that a certain fraction, 1 – pb, of all exchange integrals
are artificially switched off. 

The critical phenomena in the Ising and Heisen�
berg models for dilute magnets as well as in models of
ferromagnets with random bonds have been studied
during several recent decades [1–6]. The researchers’
attention was attracted mainly to the problem of uni�
versality and to the behavior of dilute magnets near the
critical point [3, 5, 6]. In the present work, we propose
a simple method for calculating the magnetization and
Curie temperature of a dilute magnet, applicable in a
wide range of concentrations of nonmagnetic impuri�
ties. Although details of the phase transition such as
calculation of critical indices, correlation function,
etc. remain beyond the scope of this work, the method
proposed, theoretically, can be used for calculating the

E p( ) Σ l l ',( )ξlξl 'Jσlσl '– HΣlξlσl,–=

ξl〈 〉

critical correlation length by constructing a fixed�scale
renormalizing transformation by analogy with [7]. 

It is known [8] that, for a pure (ps = 1) Ising magnet
in a zero external filed, the following relation is satis�
fied: 

(2)

where h1 = Σσj (the summation is performed with
respect to spins neighboring to a given site) is the

exchange field, β = , T is the temperature of the

system, and k is the Boltzmann constant. The averag�
ing on the right�hand side, in fact, is the averaging over
the distribution function W1(h1) for the exchange field. 

Relation (2) can be extended as follows. We con�
sider a cluster of n atoms. The Hamiltonian of this
cluster is 

(3)

The summation in the first term is performed over
pairs of nearest atoms of the cluster that are the nearest
neighbors. The second term in (3) is described by the
interaction of atoms in a cluster with their nearest
neighbors not entering into the cluster. The exchange

interaction fields  are calculated for each atom by
summing the Ising variables corresponding to external
atoms neighboring to the given one. 

Average the quantity  over the ensemble with

Hamiltonian (3), considering  as constants and,
then, average the resulting expression over the mutual
distribution function Wn(h1, …, hn) for the exchange
interaction fields. Equating the result of this averaging
to , we obtain 

σ〈 〉 βJh1( )tanh〈 〉 ,=

1
kT
�����

En JΣσiσj– JΣhin
i σi.–=
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σ〈 〉
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(4)

Formula (2) may be considered as a special case of (4)
when the cluster consists of one atom. 

Formula (4) can be used as a basis for approximate
methods for finding the spontaneous magnetization
and the phase transition point of the Ising model, if we
replace the distribution function Wn(h1, …, hn) by var�
ious approximate expressions in which the mean mag�
netization m =  enters as an unknown parameter.
For example, setting in (2) W1(h1) = δ(h1 – qm), where
q is the coordination number of the lattice, we will
obtain the known approximation of the field,
described in [9]. The same method can also be used for
studying dilute magnets. In [9], a dilute magnet is con�

sidered in the approximation based on (2). In the
present work, we will study dilute magnets in the
approximation based on (4), using clusters of one and
two atoms. The use of clusters of different sizes also
makes it possible to construct a fixed�scale renormal�
izing transformation [7]. This possibility is also studied
in the present work. 

2. BOND AND SITE DILUTIONS 

Let us consider clusters of one and two sites in the
Ising model with the site dilution. The result of averag�
ing in (4) with respect to approximate exchange field
distribution functions will be denoted by . Then, 

(5)

and 

or 

 (6)

where K = Jβ. The presence of two terms on the right
of (6) is caused by the fact that, in the set of clusters
from neighboring atoms on the lattice, the fraction of
clusters with a broken exchange bond is 1 – pb. 

In the model with the site dilution for a one�atom
cluster, we obtain 

(7)

and, for a two�site cluster, 

(8)

In these expressions,  and  are the mean
magnetization of an atom; the magnetization per site
is obtained by the multiplication by ps. 

3. MEAN�FIELD METHOD 

In the mean�field approximation, the exchange
fields h1 and h2 in expressions (5)–(8) are replaced by
their mean values, which corresponds to using delta�
function in these expression as the exchange field dis�
tribution functions: 

(9)

(10)

In this approximation, the problems of the site and
bond dilution lead to the same expressions, therefore
pb and ps are denotes simply by p. Using expressions (5)
(or (7)), we obtain an extension of the mean�field
approximation to the case of dilute magnets: 

(11)

This equation has a nonzero solution for K > Kc =
1/qp, which, as is known [1], does not agree with the
real behavior of spontaneous magnetization of dilute
magnets, which must vanish at concentrations below

σ〈 〉
Σ

Σσi

n
�������⎝ ⎠
⎛ ⎞ βEn–( )exp

Σ βEn–( )exp
������������������������������������� .=
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q

h( )
=
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K h1 h2+( )[ ]sinh
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the percolation threshold pc. The use of a cluster of two
atoms (relations (6) or (8)) does not lead to substan�
tially different results. The equation for magnetization
in this case, 

(12)

has a nonzero solution for any p. Replacing on the
right�hand sides of (11) and (12) the magnetization m
by the parameter μ and equating these parts, we obtain 

(13)

We may equate the mean magnetization m of one mag�
netic atom to μ, the solution of (13), or assume that
m = tanh(Kqpμ): in this case, for a pure magnet (p =
1), we come to the well known Bethe approximation
[10]. For dilute magnets, a nonzero solution of (13)
exists under the condition K > Kc, where 

where pc is the percolation threshold in the mean�field
approximation. The graph of the function Tc(p) =

(p) for q = 6 is shown in Fig. 1 (curve 1). As is
known [1], the dependence of the magnetization at
zero temperature (K  ∞) on the concentration m(p)
is the probability that a certain magnetic atom belongs

m 1 p–( ) K q 1–( )pm[ ]tanh=

+ p 2k q 1–( )pm[ ]sinh

2K q 1–( )pm[ ]cosh e 2K–+
�����������������������������������������������������,

Kqpμ[ ]tanh 1 p–( ) K q 1–( )pμ[ ]tanh=

+ p 2K q 1–( )pμsinh

2K q 1–( )pμ[ ]cosh e 2K–+
����������������������������������������������������.

Kc p( ) 1
2
��

p pc+
p pc–
�����������,ln=

Kc
1–

to an infinite cluster P(p). According to (13), this
function is found from the solution of the equation 

(14)

The graph of this function for q = 6 is shown in Fig. 2
(curve 1). 

4. AVERAGING OVER THE EXCHANGE 
INTERACTION FIELDS 

Another approximate method for finding the distri�
bution functions and a method for finding the sponta�
neous magnetization on its basis was proposed in [9].
The quantities σj entering into the expression for h1 =
Σσj are considered as random variables taking the val�
ues +1 and –1 with the probabilities (1 + m)/2 and
(1 – m)/2, respectively. The number of terms in the
sum for h1 is a random variable distributed by the bino�
mial law from 0 to q with the parameter p. In this case,

the distribution function (h) has the form 

(15)

Substituting this expression into (5), we obtain an
equation for spontaneous magnetization as a function
of concentration and temperature. This method for

qpx( )tanh 1 p–( ) q 1–( )px[ ]tanh=

+ p 2 q 1–( )px[ ],tanh

P p( ) qpx( ).tanh=⎩
⎪
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Fig. 1. Curie temperature as a function of the concentra�
tion for q = 6: (1) Bethe approximation; (2) field averag�
ing, cubic lattice; (3) triangular lattice, site dilution; and
(4) triangular lattice, bond dilution. 
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Fig. 2. Spontaneous magnetization at zero temperature as
a function of the concentration for q = 6: (1) Bethe
approximation; (2) field averaging, cubic lattice; (3) trian�
gular lattice, site dilution; and (4) triangular lattice, bond
dilution.
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obtaining equations of spontaneous magnetization
will be called below as the exchange�field�averaging
method. As was shown in [9], in contrast to (11) and
(12), the equation obtained from (5) by means of (15)
has a nonzero solution only for p > pc. Moreover, in
most cases, approximate values of pc obtained from
this equation are more accurate than those found from
(14) (table, column 1). 

Since Bethe approximation (13) is more accurate
than the mean�field approximation for clusters of one
(11) and two (12) atoms and the exchange�field aver�
aging gives more accurate results even for a one�atom
cluster, we may hope that the combination of these
methods will be a sufficiently good approximation. 

Let us consider the distribution function (h1,
h2) for clusters of two neighboring atoms. Two cases
are possible. In one case, it may happen that, among
external atoms neighboring to the first atom of the
cluster, there are no nearest neighbors of its second
atom. This takes place in the hexagonal (q = 3), tetra�
hedral (q = 4), and cubic (q = 6) lattices. Below, this
situation will be called “the absence of overlapping of
coordination spheres”. In the other case, it may hap�
pen that atoms neighboring to one site of the cluster
simultaneously are neighboring to its second site; for
example, this takes place in the case of the planar tri�
angular (q = 6) lattice. In the first case, the fields h1

and h2 are statistically independent (in the framework

of the exchange�field averaging method): (h1, h2) =

(h1) (h2). In the second case, h1, 2 =  +

, where  are the exchange fields produced by
atoms neighboring simultaneously to both the atoms

of the cluster. The fields , , and  in the frame�
work of the averaging method are assumed statistically
independent and having binomial distributions similar
to (15). 

W2
q

W2
q

W1
q 1– W1

q 1– h1 2,'

h1 2,
com h1 2,

com

h1' h2' h1 2,
com

For dilute magnets in the first case, the joint distri�
bution function for the fields is constructed by (15)
and the model of a site dilute magnet is identical to the
dilute bonds model. In the second case, the field dis�
tribution functions on the site and bond dilution are
different. 

Consider the approximation obtained from (6) and
(8) by substituting in these expressions of the distribu�

tion function (h1, h2) = (h1) (h2), i.e., in
the absence of overlapping of coordination spheres.
The expression obtained in this case can be used for
calculating the spontaneous magnetization as a func�
tion of concentration and temperature. It turns out
that the spontaneous magnetization is nonzero only if
p > pc. The values of pc found in this way are presented
in the table (column 2). 

For the triangular axis, the field distribution func�
tion of a site�diluted magnet is calculated as follows: 

(16)

In this case,  =  = hcom. For bond�dilute mag�
nets with a triangular lattice, the situation is somewhat

more complicated:  may be not equal to . The
joint field distribution function can be defined by the

direct calculation of the probabilities W( , ) as 

W2
q W1

q 1– W1
q 1–

W2
6 h1 h2,( ) W1

3 h1'( )W1
3 h2'( )W1

2 hcom( )δ=

× h1 h1' hcom+( )–( )δ h2 h2' hcom+( )–( ).

h1
com h2
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h1
com h2

com

h1
com h2

com

W 2– 0,( ) 2 1 p–( )2p2 1 m–
2

����������⎝ ⎠
⎛ ⎞

2

,=

W 1– 1–,( ) 1 p–( )2p2 1 m–( )2 1 m2–( )/2+( ),=

W 1– 0,( ) 1 p–( )3p 1 m–( ) 1 p–( )p3
1 m2

/2–( ),+=

W 1– 1,( ) 1 p–( )2p2 1 m2–( )/2,=

Exact site (upper value) and bond (lower value) percolation thresholds [1] (first column) and the percolation thresholds in
the Bethe approximation (second column) (for columns 1, 2, and 1–2, see explanation in text)

Lattice type
(coordination number) Exact value Bethe approximation 1 2 1–2

Hexagonal (3)
0.700

0.500 0.557 0.571 0.629
0.653

Square (4)
0.590

0.333 0.428 0.429 0.434
0.500

Tetrahedron (4)
0.430

0.333 0.428 0.429 0.434
0.390

Cubic (6)
0.310

0.200 0.293 0.290 0.272
0.250

Triangular (6)
0.500

0.200 0.293
0.310 0.556

0.347 0.295 0.315
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The remaining probabilities are either zero or found

from the symmetry condition W( , ) =

W( , ) and the fact that, on the replacement of

m by –m, the probability W( , ) passes into

W(– , – ). In column 2 of the table, two values
of the critical concentration for the triangular lattice
are presented: the upper one, for the site dilution and,
the lower one, for the bond dilution. 

Now let us construct the combination of the Bethe
approximation and the exchange�field averaging
method. To that end, equate the right�hand sides of (7)
and (8) averaged with respect to the exchange fields
defined above. In column 1–2 of the table, percola�
tions thresholds of different lattices, calculated by this
method, are presented. For the triangular lattice, two
values are presented: the upper one, on the site dilu�
tion, and, the lower one, on the bond dilution. 

In the same approximation, we calculated concen�
tration dependences of the Curie temperature (Fig. 1).
Curve 2 in this figure corresponds to q = 6 and the
absence of the overlapping of coordination spheres.
Curve 3 was calculated for the triangular lattice on the
site dilution, and curve 4, on the bond dilution. In
addition, we calculated the magnetization at zero tem�
perature, i.e., the fraction of atoms belonging to an
infinite cluster as a function of concentration p
(Fig. 2). The curve numbers in this figure correspond
to the same cases as in Fig. 1. 

5. CONCLUSIONS 

Thus, from the results obtained, we can draw the
following conclusions. 

(1) All approximations based on the averaging with
respect to the interaction field give more accurate
results for the concentration dependence of the Curie
temperature and magnetization temperature than the
mean�field method in the form of the Bethe approxi�
mation. 

(2) Although the use of two�cluster atoms in the
exchange�field averaging method does not lead to a
substantial improvement of the accuracy of approxi�
mation (see the table) as compared to a one�atom
cluster, in some cases, it nevertheless makes it possible
to distinguish between the problems of site and bond
percolation. 

(3) The method based on the comparison of cluster
of one and two sites (which, in fact, is a group renor�
malization transformation of a fixed scale) makes it
possible to obtain more accurate results also with the
use of the mean�field approximation (the Bethe
method) and the exchange�field averaging. In the lat�
ter case, for the triangular lattice, we obtain the most
accurate values of both the site and bond percolation
thresholds. 
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